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Abstract

Let M be a prime I'-ring satisfying a certain assumption and D a nonzero
derivation on M. Let f: M — M be a generalized Jordan derivation such that f is
centralizing and commuting on a left ideal ] of M. Then we prove that M is
commutative.
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Introduction

The concept of a I'-ring was first introduced by Nobusawa [13] and also shown
that I'-rings, more general than rings. Bernes [1] weakened slightly the conditions
in the definition of I'-ring in the sense of Nobusawa. Bresar [2] studied
centralizing mappings and derivations in prime rings. Kyuno [9] , Luh [10], [11],
Hoque and Paul [5], [6] and others were obtained a large numbers of important
basic properties of I'-rings in various ways and determined some more remarkable
results of I'-rings. Ceven [3] studied on Jordan left derivations on completely
prime I'-rings. Mayne [12] have developed some remarkable result on prime rings
with commuting and centralizing. Jaya Subba Reddy et.al [8] studied centralizing
and commutating left generalized derivation on prime ring is commutative. Hoque
and Paul [7] studied prime gamma rings with centralizing and commuting
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generalized derivations is a commutative. In this paper, following [7], we
extended some results on prime gamma rings with centralizing and commuting
generalized Jordan derivations.

Let M and I" be additive abelian groups. If there exists a mapping (x, @, y) — xay
of M x ' x M - M, which satisfies the conditions

(i) xay eM

(i) (x +y)az = xaz + yaz, x(a + B)z = xaz + xBz, xa(y + z) = xay + xaz
(iii) (xay)Bz = xa(ypfz) for all x,y,z€ M and o, € T, then M is called a I'-
ring.

Every ring M is a I'-ring with M =T'". However a I'-ring need not be a ring. Let M
be a I'-ring. Then an additive subgroup U of M is called a left (right) ideal of M if
MTU c U(UTM c U).

If U is both a left and a right ideal, then we say U is an ideal of M. Suppose again
that M is a I"-ring. Then M is said to be a 2-torsion free if 2x = 0 impliesx = 0
for all x € M. An ideal P, of a I"-ring M is said to be prime if for any ideals A
and B of M, ATB < P; implies A € P, or B € P;. An ideal P, of a I"-ring M is
said to be semiprime if for any ideal U of M, UTU < P, implies U < P,. A T'-ring
M is said to be prime if alMT'h = (0) with a,b € M, impliesa = 0or b = 0 and
semiprime if alMTa = (0) with a € M implies a = 0. Furthermore, M is said to
be commutative I'-ring if xay = yax for all x,y € M and « € T'. Moreover, the
set Z(M) = {x € M:xay = yax for all y € M and @ € T} is called the centre of
the I'-ring M. If M is a I'-ring, then [x,y], = xay — yax is known as the
commutator of x and y with respect to a, where x,y € M and « € I'. We make
the basic commutator identities:

[xay, z]g = [x,z]gay + xaly, z]g and [x,yaz]z = [x,y]gaz + ya[x,z]z , for
all x,y € M and a € I'. We consider the following assumption:

xayfz = xpyaz, forall x,y,ze Manda,B €T.................. (4).

An additive mapping D: M — M is called a derivation if D(xay) = D(x)ay +
xaD(y) holds for all x,y € M and « € I'. An additive mapping D: M — M is
called a Jordan derivation if D(xax) = D(x)ax + xaD(x) holds for all x,y € M
and « €. A mapping f is said to be commuting on a left ideal J of M if
[f(x),x]o =0 for all x€J and a €T and f is said to be centralizing if
[f(x),x], € Z(M)for all x €] and «a €T. An additive mapping f:M — M is
said to be a generalized derivation on M, if f(xay) = f(x)ay + xaD(y) holds
for all x,y € M and @ € T, where D is a derivation on M. An additive mapping
f:M — M is called a generalized Jordan derivation on M, if f(xax) = f(x)ax +
xaD(x) holds for all x € M and a € T', where D is a derivation on M.

Preliminaries and main results
We have to make some use of the following well-known results:

Remark 1: Let M be a prime I'-ring. If aab € Z(M) with 0 # a € Z(M), then
b € Z(M).
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Remark 2: Let M be a prime I'-ring and J a nonzero left ideal of M. If D is a
nonzero derivation on M, then D is also a nonzero on J.

Remark 3: Let M be a prime I'-ring and J a nonzero left ideal of M. If Jis
commutative, then M is also commutative.

Lemma 1: Suppose M is a prime I'-ring satisfying the assumption (A) and
D:M — M be a Jordan derivation. For an element a € M, if aaD(x) = 0, for all
x € Mand a €T, theneithera=0o0rD = 0.

Proof: By our assumption, aaD(x) = 0, forallx e M,and @ € T.
We replacing x by xfx in above equation then, we get
aaD(xfx) =0

aaD(x)Bx + aaxfD(x) =0
aaxfD(x) =0, forall x € M,and, a,p € T.

If D is nonzero, that is, if D(x) # 0, for some x € M. Then by definition of prime
I-ring, a = 0.

Lemma 2: Suppose M is a prime I'-ring satisfying the assumption (4) and J a
nonzero left ideal of M. If M has a derivation D which is zero on J, then D is zero
on M.

Proof: By the hypothesis, D(J) = 0.
Replacing / by MT7J in above equation then, we get
D(MT]) =0

D(M)TJ + MID()) = 0
D(M)T] = 0.

By lemma 1, D must be zero, since J is nonzero.

Lemma 3 [7]: Suppose M is a prime I'-ring satisfying the assumption (A) and J a
nonzero left ideal of M. If J is commutative on M, then M is commutative.

Lemma 4: Suppose M is a prime I'-ring and f: M — M be an additive mapping.
If f is centralizing on a left ideal ] of M, then f(a) € Z(M), for alla€ejJuU
Z(M).

Proof: f is centralizing on left ideal J of M, we have
[f(a),a]l, € Z(M) foralla € Jand a € T.
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By linearization, we have
abe]=a+be], foralla er.

[f(a+b),a+b], € Z(M)

f is an additive mapping then
[f(a) + f(b),a + b], € Z(M)
[f (@), ale + [f(a),blq + [f(b),a]q + [f(b),b], € Z(M)

f is a centralizing on left ideal J of M then, we get

[f (@), alq = 0, [f(b),b]a = O
[f(a),ble + [f(D),a], € Z(M),foralla,b € Jand a €T . 1)

If a € Z(M), then equation (1) becomes
[f (@), b] € Z(M).

Replacing b by f(a)fb in above equation then, we get
[f (@), f(a)Bb]. € Z(M)

[f (@), f(@]eBb + f(a)B[f(a),b]q € Z(M)
f(@)B[f (@), bl € Z(M). If [f(a),b]q = 0.
Then f(a) € Cry ().

The centralizer of J in M and hencef(a) € Z(M). Otherwise, if [f(a),b], # O,
remark 1 follows that f(a) € Z(M). Hence the lemma.

Theorem 1: Let M be a prime I'-ring satisfying the assumption (A) and D is a
nonzero derivation on M. If f is a generalized Jordan derivation on a left ideal |
of M such that f is commuting on /, then M is commutative.

Proof: Since f is commuting on J, we have
[f(a),a]l, =0,foralla € Jand a € T.

Replacing a by a + b in above equation, we get
[f(a+b),a+bl,=0

[f(@) + f(b),a+ bl =0

[f(a),alq + [f(a),bla + [f(D),ale + [f(b),b]ly =0
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[f(a),b]e + [f(b),a]le =0 )
Replacing b by afa in equation (2), we get

[f(a),aBale + [f(aBa),alq =0

[f (@), aleBa + aB [f(a),alq + [f(a)Ba + aBD(a),aly = 0

[f (@), aleBa + aB [f(@),als + [f(a)Ba,al, + [aBD(a),a]lq = O

[f (@), aloBa + ap [f(a),alq + f(@)Bla,al, + [f(a),a].Ba+
[aBD(a),a]a = 0

f is centralizer, then [f(a),a],Ba = 0,apB [f(a),a], =0, [f(a),a],Ba =
0,f(a)Bla,al, = 0.

[aBD(a),alq =0 ©)

Replacing af by bf in equation (3), we get

[bBD(a),a]q =0

Replacing b by rya in above equation, then we get

[ryaBD(a),aly = 0

ryaB [D(a),alq + [rya,a]ofD(a) = 0

ryaB [D(a),alq + v [a,aloBD(a) + [r,alqyaP D(a) = 0
[r,al,yaBD(a) =0,forallaeJ,re Mand a,f,y,€T.

Since M is prime I'-ring, thus [r,a], =0o0rD(a) =0
Since D is nonzero derivation on M, then by lemma 2, D is nonzero on J.
Suppose D(a) # 0 for some a € J, then a € Z(M).

Letce] with ¢#Z(M). ThenD(c)=0and a+c & Z(M), that is, D(a +
c¢) = 0and so D(a) = 0, which is a contradiction. Thus c € Z(M) for all ¢ € J.
Hence J is commutative and lemma3, we get M is commutative.

Theorem 2: Let M be a prime I'-ring satisfying the assumption (A) and ] a left
ideal of M with J n Z(M) # 0. If f is a generalized Jordan derivation on M with
associated nonzero derivation D such that f is commuting on J, then M is
commutative.
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Proof: we claim that, Z(M) # 0 because of f is commuting on J and the proof is
complete.

Now from equation (1), we get

[f (@), ble + [f(b),ala € Z(M)

We replace a by cfc with 0 # ¢ € Z(M), we get

[f (cBc), blg + [f (D), cBcla € Z(M)

[f(c)Bc + cBD(c), bla + [f(b),cloBc + cBIf(D),cly € Z(M)
[f(c)Bc,bla + [cBD(c), bl + [f(b),claBc + cBLf (B), cla € Z(M)

f(©)Ble,blg +[f(c), blaBc + cBID(c),blq + [, blBD(c) + [f(b), claBc
+cB [f(b),clq

€ Z(M)
c€Z(M)= J[cb],=0,forallbe].

Since ¢ € Z(M) = f is acentralizer onJ.

f(b) € Z(M) = [f(b),cla = 0.

[f(c), blaBc + cBID(c), bl € Z(M)

From lemma 1, f(c) € Z(M) and hence cB[D(c), b], € Z(M).
Replacing b by b + c in above equation, we get

cB[D(c),b + cl, € Z(M).

cB[D(c), bly + cBID(c), cly € Z(M).

And consequently cB[D(c),cl, € Z(M).

As c is nonzero, remark 1 follows that [D(c),c], € Z(M). This implies D is
centralizing on J and hence we conclude that M is commutative.
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